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PHAN 1. HAM SO

1. SU DONG BIEN NGHICH BIEN CUA HAM SO

1.1. Dinh nghia
Ki hiéu K 1a khoang hodc doan hodc ntra khoang. Gia sit ham s6 y = f (a:) xac dinh trén
K taco:

e Hamsd y = f(:c) duoc goi 1a dong bién (ting) trén K néu:

Vr,r, e K,z <1, = f(xl) < f(xZ)

e HimsG y=f (x) duoc goi 1a nghich bién (gidm) trén K néu:

Ve,r, e K,z <z, = f(xl) > f(xZ)

Ham s6"dong bién hodc nghich bién trén K dwoc goi chung la don diéu trén K

* Nhan xét:

, \ , Hz,) -l \
¢ Ham sO f(rc) dong bién trén K < M >0 Vz,r, € K, 2, # z,. Khi d6 d0 thi
T, =X,
cta ham s6 di Ién tir trai sang phai.

e Ham sO f(x) nghich bién trén K < M <0 Vz,z, € K, z, #x, Khidé do

z, 1,
thi ciia ham s6 di xudng twr trdi sang phai.

e Néu f'(z)>0, Vz € (a;b) = ham s§ f(x) dong bién trén khoang (a;b).

* Néu f'(x)<0, Vxe(a;b)= hams8 f(z) nghich bién trén khoang (a;b).

Néu f'(z) =0, Vz € (a;b) = ham s& f(x) khong déi trén khoang (a;b).

o Néu f(z) dong bién trén khoang (a;b) = f'(z) 2 0, Vz € (a;b).

e Néu f(z) nghich bién trén khoang (a;b) = f'(z) < 0,Vz € (a;b).

o Néu thay d6i khoang (a;b) bing mot doan hodc nira khoang thi phai b sung thém

gia thiét “ham sd f (:c) lién tuc trén doan hoac ntta khoang do”.

1.2. Quy tac va cong thitc tinh dao ham
Quy tdc tinh dgo ham: Cho u = u(m), v = v(fc); C :lahdng sd .

!
!

o Tong, hiéu: (u+v) =u'+0'.

!

e Tich: (u.v), =uwv+vu :>(C’u) =Cu.
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¢ Thuwong: [EJzu'U:U'U,(U;ﬁO):[g] =_C'Z“L
v

v U u

¢ DPao ham ham hop: Néu y = f(u), u = u(x) =y =y ..

1.3. Bang cong thirc tinh dao ham

Pao ham ctua ham so cé’p Pao ham caa ham hop
(C), =0 (Clahang sd). (xa )'  az!
(a:a )' =aq.z"" (ua )' oy

1.4 . Cong thitc tinh nhanh dao ham ham phan thitc

. (ax+bj_ ad —be
cr+d (cx+d)2
a b a ¢ b ¢

(a:c2+bx+cj 3 d e d f e f
d’ + ez + f (d:c2 +eav+f)2

2 +2 T+

1.5. Pao ham c4p 2
1.5.1. Dinh nghia
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()= ()]

1.5.2. Y nghia co hoc
Gia tGc ttee thoi ctia chuyén dong s = f (t) tai thoi diém ¢, la: a(to) = f”(to).
1.5.3. Dao ham cap cao
f(n) (az) = [f(n_l) (:13)] ,(n eN,n2 2).

* Mot s6 chu y:
e Néu ham s8 f (x) va g(:v) cung dong bién (nghich bién) trén K thi ham sd

f(z)+g(z) cling dong bién (nghich bién) trén K. Tinh chat nay c6 thé khong ding
ddi véihidu f(z)-g(z).

o Néuham s f(z) va g(z) la cdc ham s§ duong va ciing dong bién (nghich bién) trén
K thi ham s8 f(z).g(z) ciing dong bién (nghich bién) trén K.Tinh chét nay c6 thé
khong dtng khi cac ham s8 f(z), g(x) khong 1a cac ham s& duong trén K.

e Cho ham s8 u = u(z), xéc dinh véi z € (a;b) va u(z) e (cd). Ham s8 flu(x)] cing
xdc dinh véi o € (a;b) .

Ta c6 nhan xét sau:

e Gia sttham s§ u = u(z) dong bién véi z € (a;b). Khi d6, ham 8 f[u(x)] dong bién
v6i z € (a;b) < f(u) dong bién voi ue(c;d).

» Gia st ham s8 u = u(x) nghich bién véi x e (a;b) . Khi d6, ham s f| u(z)| nghich

bién vdi x € (a;b) o f(u) nghich bién véi u e (c;d).

Quy tac xét tinh don dié¢u ciia ham so.
Gia st ham s6 f c6 dao ham trén K

e Néu f'(:r;) >0 véi moi ze K va f'(x) =0 chi tai m6t s6 hitu han diém
xeK thiham s6 f dong bién trén K .
e Néu f'(:r;) <0 véimoi re K va f'(x) =0 chi tai m6t s6 hitu han diém
z € K thiham s6 f nghich bién trén K .
Chit y:

Se . \ A 7 ~ ? + \ ~ . 14 ~
* D01 voi ham phan thiec htru ti y = ar +b (a: # —QJ thi dau " =" khi xét dau

cr+d c
dao ham y' khong xay ra.

Gia st y:f(x):afc3 +ba’ +cx+d:>f’(fc)=3ax2 + 2bx + c.

Ham s d6ng bién trén R Ham s6 nghich bién trén R
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(a>0 (a<0

A<LO A<LO0

@f’(x)kO;VxeR@ a=0 . @f’(x)ﬁO;VxeR@ a=0
b=0 b=0

c>0 c<0

Trudng hop 2 thi hé 6 ¢ khéc 0 vikhi a =b=c=0thif(z)=d

(Duong thang song song hodc trung véi truc Ox thi khong don diéu)

* Vi dang todn tim tham s6'm dé ham s6 bdc ba don diéu mgt chiéu trén khoding cd do
dai bang | ta gidi nhw sau:

Buéc 1: Tinh ¢ = f’(x;m) =az’ +bz +ec.
Budc 2: Ham so don diéu trén (xl;xQ) < 1y =0 co 2 nghiém phan biét
A>0
& *
o
Buéc 3: Ham s& don diéu trén khoang c6 d6 dai bang |
o ‘:L’1 —ZL’Q‘ =l (:L‘1 +:L‘2)2 —drz, = P &8 -4P=r (* *)

Buéc 4: Giai (*) va giao voi (* *) d€ suy ra gia tri m can tim.

2. CUC TRI HAM SO

2.1. Dinh nghia

Gia stham s6 f xac dinh trén tap Kva z, € K. Ta noi:

e x, la di€m cyc ti€u ctia ham s§ f néu ton tai mot khoang (u;b) chta z, sao cho

(a;b) c Kva f(rc) > f(xo),Vx € (a;b) \ {:co} . Khi do f(xo) dwgce goi la gia tri cuc tiéu

ciahamso f.

e 1, la di€ém cuwc dai cia ham s§ f néu ton tai mot khoang (a;b) chita z, sao cho

(m:b)cKva f(z)< f(z,). Vo e (a;b)\ {z,}. Khi d6 f(=,) duoc goi la gia tri cuc dai

ciahamsd f.
e Di€ém cuc dai va di€m cuec ti€u goi chung la diém cuc tri.

o Gia tri cuc dai va gid tri cuc tiéu goi chung 1a cuec tri.

e Diém cuc dai va diém cuc tiéu duoc goi chung 1a diém cyc tri ciia ham s6 va diém cuc

tri phai la mot diém trong tap hop K.

o Gia tri cuc dai va gia tri cuc tiéu duogc goi chung la gid tri cuc tri (hay cuc tri) ciia ham

s0.
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e Néu x, la diém cuc tri ctia ham s6 thi diém (a:o; f (:1:0)) dugc goi 1a di€ém cuc tri cua

do thi ham s f.
* Nhan xét:

o Gia tri cuc dai (cuc tiéu) f (xo) noéi chung khong phai la gi tri 16n nhat (nho nhat) cta
ham s6 f trén tap D; f (xo) chi 1a gid tri 16n nhat (nho nhat) ciia ham sd f trén mot
khoang (a;b) nao do chita z hay néi cach khac khi z, diém cyec dai ( cyee ti€u) sé ton
tai khoang (a;b) chira z, sao cho f(z,)1a gid tri 16n nhét (nho nhat) ctia ham s6 f trén
khoang (asb).

e Ham s6 f c6 thé dat cyc dai hodc cuc tiéu tai nhiéu diém trén tap K. Ham s6 c6 thé

khong c6 cuc tri trén mot tap cho trudc.

2.2. Diéu kién can d€ ham s6 dat cuc tri
Dinh li 1:

Gia st hamsd y = f (x) dat cyec tri tai diém z,. Khi d6, néu y = f (x) c6 dao ham tai diém

z, thi f’(:co) =0.

Chii y:
e Daoham f '(x) c6 thé’ bang 0 tai diém x, nhung ham s6 f khong dat cuec trj tai di€ém

X, -

e Ham s cd thé’ dat cyec tri tai mot diém ma tai d6 ham s6 khéng c6 dao ham.

e Ham sd chi cé thé’dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s& b:fmg 0 hoac

tai d6 ham s khong c¢6 dao ham.

2.3. Diéu kién dua dé ham s6 dat cuec tri
Dinh li 2:
Gia sttham s8 f dat cuec tri tai diém 2. Khi d6, néu ham s& f c6 dao ham tai diém z, thi
f' (xo) =0.
e Néu f'(z)>0 trén khoang (=, - h;z,) vaf'(z) <0 trén khoang (z;z, + ) thi z, la

mot diém cyce dai cia ham s6 f (x)
e Néu f’(fc) <0 trén khoang (xo —h;rco) va f’(fn) > 0 trén khoang (xo;x0+h) thi 7 la
mot diém cuye tiéu ctia ham s6 f (a:)
2.4. Quy tic tim cuc tri

Quy tdc 1:
o Budc 1: Tim tap xéc dinh. Tim f'(z).
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e Bubc 2: Tim cac diém z, (z =1; 2;...) ma tai d6 dgo ham ciia ham s6'bang 0 hodc ham sd
lién tuc nhwng khong cé dao ham.
e Buwdc 3: Lap bang bién thién hodc bang xét ddu f’(x). Néu f’(x) doi ddu khi di qua
thi ham s6 dat cyec tri tai z,.
Dinh li 3:
Gia str y = f(x) 6 dao ham cép 2 trong khoang (=, — h;z, +h) véi h > 0. Khi d6:
e Néu f’(xo) =0, f"(xo) <0 thihams6 f dat cuc dai tai .
e Néu f’(xo)z 0, f"(xo) >0 thiham s§ f dat cuc tiéu tai .
Tir dinh li trén, ta co mot quy tic khdc d€' tim cuec tri ciia ham s’
Quy tic 2:
e Bwoc 1: Tim tap xac dinh. Tim f’(a:).
e Budc 2: Tim cac nghiém 2, (z = 1;2;...) cua phuong trinh f’(x) =0.
e Buwdc 3: Tinh f”(x) va tinh f”(:vi).
* Néu f”(:ci) <0 thihams6 f dat ciee dai tai diém z.

+ Néu f"(z,) >0 thiham s§ f dat cuc tiéu tai diém x..

3. MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO

3.1. Cuc tri ciia ham da thirc bac ba y = az® + bz® + cx + d.

3.1.1. Tim diéu kién dé€ ham s6 c6 cuc dai, cuc tiéu théa man hoanh d6 cho trudc

Bai todn tong qudt:

Cho ham s6 y = f(fc;m) =az’ + bz’ + cz + d. Tim tham s6 m d& ham sd c6 cuc
dai, cye ti€u tai z,«, thoa man diéu kién K cho truedc?
Phuong phdp:
e Buocl:
* Tap xac dinh: D = R.
* Daoham: y' = 3a2” +2bz +c = Ax”> + Br +C
e Budc2:

Ham s6 ¢6 cuc tri (hay c6 hai cuec tri, hai cuc tri phan biét hay ¢é cuc dai va

cuc tiéu)
< y' = 0 c6 hai nghiém phan biét vay’ doi dau qua 2 nghiém do
<> phuong trinh y' = 0 c6 hai nghiém phan biét

A=3a#0 a#0 D
= = j— .
A, =B —4AC =4 ~12ac >0 | =3ac>0
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e Buwoc 3:
Goi z,,z, la hai nghiém ctia phuong trinh y' = 0.

1772

B 2b

cnige )T TA T

i do: .
C c

* Bubc4:
Bién doi diéu kién K vé dang tong S va tich P. Tk d6 giai ra tim duoc
m e D,.
* Bubcd:
Két luan cac gia tri m thdaman: m = D, N D,.
* Chil y: Ham s6 bac ba: y = az® + ba? +cw+d(a # O).

Tacd: y' = 3az’ +2bz + .

Diéu kién Két luin
b> —3ac <0 Ham s6 khong c6 cyec tri.
b> —3ac >0 Ham sd c6 hai diém cuee tri.

> Diéu kién dé’ham sd ¢ cuc tri cing ddu, trdi diu.
»  Ham sd'co 2 cuec tri trdi ddu

< phuong trinh y' = 0 ¢6 hai nghiém phan biét trai dau
< AC =3ac <0< ac<O.

»  Ham s6'¢6 hai cwc tri cung diu

< phuong trinh ¢’ = 0 ¢6 hai nghiém phan biét cung ddu

A, >0
Yy

=
P=$1.372=%>0

»  Ham s6'c6 hai cuwc tri cung didu dwong

< phuong trinh 3’ = 0 c6 hai nghiém dwong phan biét

A, >0
Yy

= S=x1+x2=—§>0

C
szl.x2=Z>0

»  Ham s6'cd hai ciec tri cung didu dm

< phuong trinh 3’ = 0 c6 hai nghiém am phan biét

A, >0
Yy

= S=x1+x2=—§<0

C
szl.x2=Z>0
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> Tim diéu kién dé' ham s6c6 hai cuc tri z,,z, thoa man:

T, <a<u,
T, <1, <a

a<z <,
* Haicuctri 7,2, thoaman z, < a <z,
= (a:l —a)(x2 —a) <0z .1, —a(xl +ar;2)+012 <0

* Haicuctri 7,2, thbaman z, <z, <a

(xl—a)(a:Z—a)>0 xl.xQ—a(xl+x2)+a2>0
= =
x1+x2<2a xl+a:2<2a

* Haicuctri 7,2, thbaman a <z <z,

(zl—a)(x2—a)>0 ml.xQ—a(xl+m2)+a2>0
= =
x1+x2>20{ xl+x2>2a

* Phuong trinh bac 3 c6 3 nghiém lap thanh cap s6 cong

khi ¢6 1 nghiém laz = ;—b ¢6 3 nghiém 14p thanh c&p s6 nhan khi ¢6 1 nghiém 14
a

a

3.1.2. Tim diéu kién dé d6 thi ham s6 c6 cac diém cuc dai, cwc tiéu nam cung phia, khac
phia so v6i mot duong thang

Vi tri tuong déi gista 2 diém v6i dwong thing:

Cho 2 diém A(xA;yA), B(xB;yB) va duong théng A:azr+by+c=0.
Néu (ach +by, + c)(amB +by, + c) <0 thihai diém 4, B nam vé
hai phia so véi duong thang A.

Néu (axA +by, + c)(axB +by, + c) > 0 thi hai diém A, B nam cuing

phia so vé6i duong thang A.
Mot s6 truong hop dic biét:

e Céac diém cuc tri ctia d6 thi nam cung vé 1 phia doi véi truc Oy

< ham s8 ¢6 2 cyec tri cuing dau

< phuong trinh ¢’ = 0 ¢6 hai nghiém phéan biét cung dau

e Cac diém cuc tri cua d6 thi nam cing vé 2 phia d6i véi truc Oy
< ham s0 cd 2 cuc tri trai ddu
< phuong trinh ¢ = 0 ¢6 hai nghiém trai dau

e Cac diém cuc tri ctia d6 thi nam cung vé 1 phia doi véi truc Ox

< phuong trinh 3’ = 0 c6 hai nghiém phan biét va y,, .y, >0
Ddc biét:
e Céc diém cuc tri ctia d6 thi ndm cing vé phia trén doi véi truc Ox
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N ' / . [N N [N \ yCD'yCT > O
< phuong trinh 3" = 0 c6 hai nghiém phan biét va
Yep + Yor > 0
e Céc diém cuc tri ctia d6 thi ndm cing vé phia dwdi doi véi truc Ox

Yop-Yor > 0
Yop + Yor <0

< phuong trinh 3’ = 0 c6 hai nghiém phan biét va {

e Cac diém cuec tri ctia d6 thi nam vé 2 phia doi vdi truc Ox

< phuong trinh 3’ = 0 c6 hai nghiém phan bi¢t va y,,, .y, <0
(dp dung khi khong nhdm dwoc nghiém va viét dwoc phwong trinh dwong thing di qua
hai diém cuec tri cia do thi ham so)
Hodc: Céc diém cuc tri ctia &6 thi nam vé 2 phia di v6i truc Ox

<> d0 thi cat truc Ox tai 3 diém phan biét

< phuong trinh hoanh d6 giao diém f (:1;) =0 ¢6 3 nghiém phan biét (dp

dung khi nhim dwgc nghiém)

3.1.3. Phuong trinh duong thang qua cac diém cyec tri

3 9a 18a

g(I):(E_ﬁJx+d—E hodc g(x)zy_ﬂ hodc g(x):y_y-_y

3.1.4. Khoang cich gitra hai diém cuc tri cia d6 thi ham s bac 3 1a

3 2_
AB = /4e+166 Véiezb 3ac
a 9a

3.2. Cuc tri ctia ham béc 4 trung phuwong y = az’ + b2’ + ¢, (a # 0)

3.2.1. Mot s6 két qua can nhd
e Ham s6 cé mot cuc tri < ab > 0.
e Ham sO cé ba cuc tri < ab < 0.
a>0

e Ham s6 c6 dung moét cuee tri va cuc tri 1a cuc tiéu < {b 50"

a<0

e Ham s6 c6 dung mot cyece tri va cuc tri 1a cuc dai < {b <0

a>0

e Ham s cé hai cuc tiéu va mot cuc dai < {b 0
<

a<0

e Ham s0 cé mdt cuc tiéu va hai cuc dai < {b 0
>

3.2.2. Mot s6 cong thirc tinh nhanh

tao thanh tam gidc ABC thoa man di kién: ab < 0
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bat: BAC =a
yA
3
a b
Tong quat: cot’ — =
2 8a
A
a\/ ‘
B C
Dir kién Cong thic
théa man ab < 0;¢ # 0
Tam giac ABC vudng can tai A b’ = —8a
Tam gidc ABC déu b’ = —24a

Tam gidc ABC' céddiéntich S,,, . =S5, 32a°(S,)" +b° =0
Tam giac ABC c6 dién tich max(S,) b’
K e
Tam gidc ABC c6 ban kinh duong tron ndi b
, r=
HeP 7,0 =1, b’
4laf 1+ -
Tam gidc ABC c6 ban kinh duong tron ngoai b s
— oa
ti€p R, ;. = R k= Sl
Tam giac ABC c6 do dai canh BC = m, amg +2b=0

Tam giac ABC' c6do dai AB=AC =n,

16@2713 —b" +8ab=0

Tam gidc ABC c6 cuc tri B,C € Oz b? = 4dac
Tam gidc ABC ¢6 3 gdc nhon b(8a +b*) >0
Tam gidc ABC c6 trong tam O b = 6ac

Tam giac ABC c6 tric tam O

b +8a —4dac=0

Tam gidc ABC cung diém O tao thanh hinh
thoi

b = 2ac

Tam giac ABC c6 O la tam duwong tron noi

tiép

b* —8a —4abc =0

Tam gidc ABC c6 O la tdm duong tron ngoai

tiép

b* —8a —8abc =0

Tam gidc ABC c6 canh BC = kAB =kAC

Bk —8a(k* —4) =0

Truc hoanh chia tam gidc ABC thanh

hai phan c6 dién tich bang nhau

b = 4\/5‘@0‘

Tam giac ABC ¢ diém cyec tri cach déu truc
hoanh

b* = 8ac
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D6 thi ham so (C) cy =az' + b’ + ¢ cdt truc
2
Oz tai 4 diém phan biét 1ap thanh cap s6 | 0 = a¢

cOng

Dinh tham s& d& hinh phéang gi6i han boi do

thi (C’):y =ax' +bs’ +¢ va truc hoanh cd | p? = Zg¢

dién tich phan trén va phan dudi bang nhau.

Phuong trinh duong tron ngoai ti€p A4BC la:

4. GIA TRI LON NHAT - GIA TRI NHO NHAT

4.1. Pinh nghia.
Chohamsd y = f (fc) xac dinh trén tap D.

e S8 M goi la gid tri I6n nhdt cha ham s6 y = f(:v) trén D néu: {
hiéu: M =max f(x).
xeD
e S8 m goila gid tri nhé nhdt cia ham s6 y = f(:v) trén D néu: {

hiéu: m = minf(z).
reD

4.2. Phuong phap tim GTLN,GTNN
4.2.1. Tim GTLN, GTNN ctia ham s6 bang cach khao sat truc tiép

e Bwdc 1: Tinh f’(x) va tim cac diém z,,z,,...,z, € D ma tai d6 f’(x) = (0 hoac ham so

REZIRN

khong cé dao ham.

e Buwdc 2: Lap bang bién thién va tir d6 suy ra gia tri 1on nhat, gid tri nho nhat caa ham

s0.
4.2.2. Tim GTLN, GTNN ctia ham s trén mét doan
e Buoc1:

* Ham s6 dacho y = f(a:) xac dinh va lién tuc trén doan [a;b].

* Tim cac diém z,z,,...,z trén khoang (a;b), tai do f’(x) =0 hoac f’(:c) khong xac

dinh.
e Buéc2: Tinh f(a).f(z,).f(z,),...f (=, ). £ (b).
e Bwéc 3: Khi do:
w mand (o) = maz{f(a).f (2,) f(,). (o). ()

flz)<M,Yz e D
3z, €D, f(z,) =M

flz)2m,Yz e D
3z, €D, f(z,)=m’

Ki

Ki
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* qﬂ@bﬁlf(x) = mm{f(xl),f(%),...,f(xn),f(a),f(b)}.
4.2.3. Tim GTLN, GTNN ctia ham s4 trén mot khoang
e Budc 1: Tinh dao ham f'(z).
e Budc 2: Tim tat ca cdc nghiém z, € (a;b) cia phurong trinh f'(z) = 0 va tat ca cac diém
a, € (a;b) lam cho f'(z) khong xac dinh.
« Buoc3. Tinh A= lim f(z), B =lim [(x), f(z), f(e).

e Buwdc 4. So sanh cac gia tri tinh dwgc va két luan M = max f(z), m = r(mb? f(z).

Néu gid tri I6n nhit (nho nhat) la A hodc B thi ta két ludn khong co gid tri I6n nhdt (nho nhat).
Chu y:

min/ () = f(a)

e f () = 1 (b)

N hich b h IEH”I]l fla) = f(b)
. . _ . i&n tré bl thy ! :
&u y f(x) nghich bién trén [a, ] 1 Iﬁ‘rﬁ(ﬂx) = f(a)

e Ham s6 lién tuc trén mot khoang cé thé khong cé gia tri 16n nhat, gia tri nho nhat

e Néuy-= f(x) dong bién trén [a;b] thi

trén khoang do.
5. PUONG TIEM CAN CUA PO THI HAM SO

5.1. Duong tiém can ngang

Cho ham s8 y = f(z) xac dinh trén moét khoang vo han (la khoang dang (a;+oo),(—oo;b)
hoac (—oo; +oo)). Duong thang y = y, 1a dudng tiém cin ngang (hay tiém can ngang) ctia do
thi ham s6 y=f(z) néu it nhat mot trong cac diéu kién sau duwgc thdéa man:
lim f(z) = y,, lim f(z) =y,
5.2. Duong tiém can ding

Duong thing z =2, duoc goi 1a dudng tiém can ding (hay tiém can ding) cta do thi
ham s6 y = f(x) néu it nhat mot trong cac diéu kién sau duoc thdoa man:

lim f(z) = +o0, lim f(z) = —oo, lim f(x)=-o0, lim f(x)=+o0

ax +b

Luu 1: Véi d6 thi ham phan thitc dang y = (¢#0; ad—be#0) ludn co tiém can

cx +d

3 A\ a A d
ngangla y = ; va tiém can dung z = o

6. KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO

6.1. Khao sat mot s6 ham da thirc va ham phan thic
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6.1.1. Him s6 bacba y = a2’ + bz’ + cx + d (a # 0)

TRUONG HQP a>0 a<0
Phuong trinh y' =0 c6 yA y
2 nghiém phin biét \ 1I /N\
0 e
1
1 A
A
Phuwong trinh y' =0 cd 7 Ay
nghiém kép .
1 AN
1 0 ;
1 A "
0 x
Phwong trinh y' =0 06 7Y vA
nghiém
1
o 1 _
1 x
1 AN,
[

6.1.2. Ham s trung phuong y = az' + bz’ + ¢ (a # 0)

TRUONG HOP a>0 a<0

Phuwong trinh y/ =0 vA vA
co

3 nghiém phin biét

(ab<0) ! /\q
1 ! 1
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Phwong trinh y/
co

1 nghiém.

=0

YA

A

YA

1

/1N

i

=y

6.1.3. Ham s6 nht bién y="" (c#0, ad—bc#0)
cx+d
D=ad—-bc>0 D=ad-bc<0
YA YA L
_// 1
1 _ o -
O 1/ x’ \ 1 x'

6.2. Mot s6 phép bién ddi do thi

6.2.1. Dang 1

Tur d6 thi (€) :y = f(z) suy ra o thi (C"): y = f(\x\) .

Tacd: y = f(|a]) = {f (=)

khi x>0
f(-z) khi z<0

va y = f(\x\) 12 ham chén nén d6 thi (C') nhan Oy lam truc d6i xtmg.

* Cach vé (C’) t

1‘1’(0):

e Giir nguyén phan d6 thi bén phai Oy ctia d6 thi (C’) cy=1f (iE) :
e B¢ phan db thi bén trdi Oy cua (C ) , 1ay d6i xttng phan d6 thi duoc giir qua Oy.

Vi du: Tix d6 thi (C):yzf(a:)za:3 -3z

suy ra do thi (C') ry = ‘xr - 3‘3:‘

Biéh d6i (0) :

Oy, gitt nguyén (C) bén phai Oy.

e Lay ddi xung phan d6 thi duoc

gitt qua Oy .

1 O .
/ 2
e BoO phan db6 thi cta (C) bén tréi

YA
2 / (0):y=x3—317
; ! >

(€)sw=laf -3f
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YA
1 9 1 -
! !

>

6.2.2. Dang 2
Tt d6 thi (C’) ty = f(:r) suy ra do thl ty = ‘f ‘

Tacé: y = |f(z) = { ( 1 khi f(z )zo

) khi f(z)<0
* Cach vé (C’) twr (C):

"

* Giit nguyén phan 6 thi phia trén Ox ctia @6 thi (C):y = f(z).

e B¢ phan db thi phia dudi Ox cta (C), 1y d6i ximg phan d6 thi bi bé qua Ox.

(C):y=x3—3x

Vi du: Tt d6 thj (C):y = f(x)=x>-3x 2,
suy ra do thi y = ‘a:“ - 3x‘. 1

>

Bién doi (C):

e Bo phan db thi cta (C) dudi
A _ 3 _
Ox, gitr nguyén (C) phia trén (C ) Y= “/E 3$‘
Ox.
e L&y d6i xing phan d6 thi bi
bo qua Oz .

il

Chii  véi dang: y = ‘ f(‘x‘)‘ ta lan luot bién d6i 2 dd thi y = f(jz) va y =|7(z)|
Vi du: Ttr d6 thi (C’) cy = f(m) =2’ -3z

suy ra do thi y= z||. Bién doi

C) d€ duoc db thi (C):y =la| - 3.
(©) (C):u=a]

3
Bién doi (C" :y = ‘x‘ —B‘x‘ ta duwoc do

th1

6.2.3. Dang 3
Tt d6 thi (C’) Ty = u(a:)v(x) suy ra do thi (C’) fy = ‘u(z)‘v(z)



TONG HQP LY THUYET VA CONG THUC TiNH NHANH GIAI TiCH 12

mass o ~(ofofe)- ("I e

—u(a:)v(:p) = f(l‘) khi u(ac) <0

* Cach vé (C') tur (C):

o Giit nguyén phan do6 thi trén mién u(m) > (0 cua do thi (C) ty = f(x)

e B6 phan db thi trén mién (x) <0cta (C) , 1dy ddi xttng phan do thi bj b6 qua Ox.

Vidu
) Tir @6 thi (C):y = f(2) = 20" =32"+ 1 | ) 1y @ thi (C): = () = - suy
suy ra do thi (C'):yz‘x—l‘(QxQ—x—l) ’
ra do thi (C”) Dy =ﬁ
I—
L o fe) mrizz1 T (1
y—‘.T 1‘(2])2 x 1)_{_f($) khix <1 yz‘zil‘: x_zl 7’.1;6(’4'00) ‘
- khi x € (—oo;l)
z-1
D6 thi (C): Db thi (C):
e Gil nguyén (C) voi x>1.  Bo phan d6 thi cua (C) véi
e Bo (C) véi z<1. Lay doi xitng N . c .
phidn @ thi bi b6 qua Ox. v<l gt nguyén (C) vei
y | YA x>1.
© e L&y ddi xtmg phan db thi bi bo
qua Ox.
p 1 VA
! 1
/l o =
© '/l 1 x
Nhéan xét: Trong qud trinh thwc hién

phép suy do thi nén ldy doi xitng cdc diéin | Nhan xét: D&i v6i ham phan thic thi
ddc bigt cua (C): giao di€m voi Ox, Oy, | nén Iy doi xitng cic dwong tiém cin d&
D, CT... thuc hién phép suy d6 thi moét cach
twong d6i chinh xac.

7. TIEP TUYEN

7.1. Tiép tuyén
Cho ham s8 y = £ (x), c6 db thi (C). Tiép tuyén ctia &0 thi (C) tai diém M, (z,;y, ) € (C) c6

dang: yzf’(xo)(:z:—xo)+y0 .
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Trong do:

Diém M, (z,;y, ) € (C) dwoc goi la tiéch diéin. (v6i y, = f(x,)) va k = f'(z,)1a h¢ s6'géc cta
ti€p tuyén.
7.2. Diéu kién tiép xtc

Cho hai ham 8 (C):y = f(z) va (C"):y = g(z). Do thi (€) va (") tiép xtic nhau khi chi

~ Y
khi hé phuong trinh: {f /(x) - g(a:) c6 nghiém.
(=) O<

8. TUONG GIAO PO THI X, |O
Cho ham s y = f(z) 6 db thi (C,) va y = g(z) c6 do thi (C,).

Il

Q\
—_—

S
S~
><

Phuong trinh hoanh d6 giao diém ctia (C,) va (C,) 1a f(z) = g(z) (1).IKhi d6:
e S8 giao diém cta (C,) va (C,) bing véi s6 nghiém ctia phurrong trinh (1).
e Nghiém z, ctia phuong trinh (1) chinh la hoanh d9 , cta giao diém.
e Détinh tung d6 y, ctia giao di€m, ta thay hoanh d6 z, vao y = f (:1;) hodc y = g(a:)

e Diém M (x,;y,) la giao diém caa (C,) va (C,).

9. PIEM DAC BIET CUA HO PUONG CONG

9.1. Bai toan tim di€m cd dinh ctia ho duwong cong
Xét ho duong cong (C ) ¢ phuong trinh y = f(z,m), trong d6 f laham da thitc theo bién

m

z voi m la tham sG sao cho bac ctia m khong qua 2. Tim nhiing diém cd dinh thudc ho
duong cong khi m thay d6i?
Phuwong phap giai:
e Buéc 1: Pua phuong trinh y = f(x,m) vé dang phuong trinh theo dn m c¢6 dang sau:
Am + B =0 hodc Am’> +Bm+C =0.
e But6c 2: Cho cac hé s6 bang 0, ta thu dwoc hé phrrong trinh va giai hé phuwong trinh:

A=0
A=0 s B =0
B hodc =0.

C=0

e Buwic 3: Kétluan:

- Néu hé v6 nghiém thi ho duwong cong (C ) khong c6 diém c6 dinh.

m

- Néu hé c¢6 nghiém thi nghiém d6 la diém cd dinh caa (C ).

m
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9.2. Bai toan tim diém c6 toa do nguyén
Cho duong cong (C) c6 phuong trinh y = f(z) (ham phan thirc). Hay tim nhitng diém c6
toa do nguyén ctia duwong cong?
Nhirng diém c6 toa dj nguyén la nhitng diém sao cho ci hoanh d§ va tung d¢ cua diém do déu la s6’
nguyen.
Phuwong phap giai:
e Budc 1: Thuc hién phép chia da thtic chia ttr s cho mau s6.
e Buwdc 2: Lap luan d€ giai bai toan.
9.3. Bai toan tim di€m c tinh chit d6i xtiing
Cho duong cong (C) c6 phuong trinhy = f(z). Tim nhing diém d6i xttng nhau qua mét
diém, qua duong thang.
Bai todn 1: Cho do thi (C):y = Az® + Bx’ + Cx + Dtrén do thi (C) tim nhitng cip diéin doi xitng
nhau qua diemI(z,,y, ).
Phuwong phap giai:
e Goi M(a;Aa3 + Ba® +Ca + D), N(b;Ab3 + Bb® + Cb + D) la hai diém trén (C) ddi

xtng nhau qua diém I .

Ta ol a+b=2r,
© Ao A(a3+b3)+B(a2+b2)+0(a+b)+2D=2y1'

Giai hé phuong trinh tim dwoc a,b tit d6 tim duoc toa do0 M, N.
Bai todn 2: Cho do thi (C):y = Az’ + Ba’ + Cx + D. Trén do thi (C) tim nhitng cip diéin doi

xteng nhau qua goc toa do.
Phuwong phap giai:
e Goi M(a,Aa3 + Ba® + Ca + D),N(b,Ab3 +Bb® +Cb+ D) la hai diém trén (C) ddi

xtng nhau qua goc toa do.

la+b=0
e Taco A(a3+b3)+B(a2+bz)+0(a+b)+2D:0.

¢ Giai hé phuong trinh tim dwoca,b tit d6 tim dwoc toa do M, N .
Bai todn 3: Cho o thi (C):y = Az’ + Ba® + Cx + Dtrén do thi (C) tim nhitng cip diéim doi xitng
nhau qua duong thang d : y = Az + B,
Phuong phap giai:

e Goi M(a; Ad’+Ba’+Ca+D), N(b; Ab> + Bb* +Cb+D) 12 hai diém trén (C) déi xting

nhau qua duong thang d.

led 1 -
e Taco: {—- (v6i I la trung di€ém cta MN va u, 1a vecto chi phuong cta
MN.ui=0 (2)

duong thang d).
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¢ Giai hé phurong trinh tim dwoc M, N.

9.4. Bai toan tim diém dic biét, khoang cach
9.4.1. Ly thuyét:

¢ Cho hai diém A(xl;yl);B(a:Q;yz,) = AB = \/(x2 —x1)2 N (y2 ~ yl)Q

e Cho diém M (z;y,) va duong thing d: Ax+By+C =0, thi khoang cach tir M dén d

Ax + By +C
1a h(M;d) = ‘ 0 0 ‘ .
VA* + B°
e Cho ham phan thitc: y = 2 +Z ti€p tuyén tai M &t TCD, TCN & A va B thi M Ia
cx +
trung diém cua AB. Thi dién tich tam gidc MAB khong d6i: S, = %‘ad - bc‘.
C

9.4.2. Cac bai toan thuwong gap

Bai todn 1: Cho him s& y = 22"

(%0, ad —be #0) 6 @ thi (C). Hay tim trén (C) hai diéin
CcT +

A va B thudc hai nhanh do thi him sd'sao cho khodng cdch AB ngin nhat.
Phuwong phap giai:
¢ (C) c6 tiém cén ding z = ~% 4o tinh chat ctia ham phén thite, d6 thi ndm vé hai
c
phia cua tiém can ding. Nén goi hai s6 «, # 1a hai s6 duong.

e Néu A thudc nhanh trai: =, <—%3 T =-_-a <—%; y, = f(z,).
e Néu B thudc nhanh phai: =, > —% =1, = —%+ﬂ > —%; y, = flz,).
e Sau d¢ tinh:

AB = (2, ~x,) + (v, ~v,) =[(a+8)~(a-a)] +(v,~v,)"

o Ap dung bat dang thitc Cauchy sé tim ra két qua.
Bdi todn 2: Cho d6 thi ham s6’ (O) c6 phwong trinh y = f(x). Tim toa d¢ diém M thudc (C) dé'tong

khodng cdch tiv M dén hai truc toa d¢ nho nhit.
Phuwong phap giai:
e Goi M (x;y)vé tong khoang cach tiv M dén hai truc toa dd la d thi d = ‘x‘ + ‘y‘

e Xét cac khoang cach tir M dén hai truc toa do khi M nam & cac vi tri dic biét: Trén
truc hoanh, trén truc tung.

e Sau do6 xét tong quat, nhitng diém M c6 hoanh d9, hodc tung d6 16n hon hoanh do
hoac tung d¢ ctia M khi nam trén hai truc thi loai di khong xét dén.

e Nhitng diém con lai ta dua vé tim gia tri nho nhat ctia d6 thi ham s6 dya vao dao

ham r6i tim dwoc gid tri nho nhét cua 4.
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Bai todn 3: Cho d6 thi (C) c6 phuwong trinhy = f(x). Tim diém M trén (C) sao cho khodng cdch tir
M dén Ox bang k lin khodng cdch tiv M dén trucOy.

Phuwong phap giai:
Theo dau bai ta c6 ‘y‘ = k‘:p‘ o Ly/ - k:;;x o B&Exg - kg; .
=- x| =—-kx

Bai todn 4: Cho d6 thi ham s6' (C) c6 phurong trinh y = f(x) =22+ Z (c#0, ad—bc=0). Tim toa 45
CcX +

diém M trén (C) sao cho 9 dai MI ngin nhét (v6il la giao diém hai tiém cdn).
Phuwong phap giai:

o —d .. . a
e Tiém can ding r = —; tiém can ngang y = —.
c

\ A L . —d , Ca A
e Ta tim duwoc toa do giao diém I (— ;Ej cua hai tiém can.
cC C

_ [va ' g " (yM —%]2 =g(z,)

¢ St dung phuwong phap tim GTLN - GTNN cho ham s§ g d€ thu dwoc két qua.

o Goi M(z,;y, ) la diém can tim, thi: I\

Bai todn 5: Cho d6 thi ham s6' (C) c6 phuong trinh y = f(z) va dwong thing d : Az + By +C = 0.
Tim diéin 1 trén (C) sao cho khodng cdch tiv I dén d la ngin nhat.
Phuwong phap giai:

* Goi I thudc (€)= I(z,:y,): v, = f(z,)-

) ‘Axo + By, + C‘
o Khoang cach tir I dén d la g(x,) = h(I;d) =

JA? + B?
e Khao satham s6 y = g(z) d€ tim ra diém I thoa man yéu cau.
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PHAN II. MU VA LOGARIT

1. LOY THUA VA HAM SO LOY THUA

1.1. Khai niém lity thira
1.1.1. Lity thira v6i s6 mii nguyén
Cho n la mot s6 nguyén duong.
Vi a la s6 thyc tuy y, liy thira bac n cua ala tich caa n thirasé a.

n

a" = a.a......q (n thira sd).
%/_/

n

Véia=0.thi o’ =1 o =

Ta goi a lacosd, n lamisd. Vachay 0° va 07" khong cd nghia.
1.1.2. Mt s0 tinh chit cta liy thira
e Gia thuyét rang mdi biéu thirc dwoc xét déu cé nghia:

a
a* -a’ =a"*’; a_ﬂ =a"’; (a®) =a“" ; (ab)* = a” - b%;

e Néua>1thia® >a’ @ a>p;
e NeuO<a<lthia” >’ ©a<p.
e VO4imoi 0 <a<b,tacd:
a” <b" < m>0
a” >b" & m<0
Chu y:
e Cac tinh chat trén dung trong treong hop s6 mit nguyén hodc khong nguyén.
o Khi xét 1y thira v6i s6 ma 0 va s6 mii nguyén am thi co s6 a phai khac 0.

e Khi xét 1y thtra véi s6 mit khong nguyeén thi co s6 a phai duwong.

1.2. Phuong trinh 2" =b.
Ta cé két qua bién ludn s6 nghiém ctia phuong trinh x" =b nhu sau:
e Truong hopnlé:
V6i moi s6 thuc b, phuwong trinh c6 nghiém duy nhat.
e Truong hop n chan:
* V0i b<0, phwong trinh v6 nghiém.
* Voi b =0, phuong trinh c6 mot nghiém z = 0.
» V6i b >0, phuong trinh ¢6 hai nghiém trai dau, ki hiéu gia tri duwong la Wb, con

gid tri am 1a /b .
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1.3. Mot s6 tinh chat ctia can bac »

Véi a,b e R;n e N, ta cé:

. %o =la|,va

o 2 _ g vg

o %ab =%l - %o, vab > 0
B T A R

. 2{/2 _ 2n |CL|
b 2n |b|

o Yo = (" a)m ,Ya >0, n nguyén duong, m nguyén
o o = "T/E,Va >0, n,mnguyén duong

o Nou?Z =2 thi o’ = Ql/a_q,‘v’a > 0,m,nnguyén duong p,q nguyén
nom

Picbiét: Ya = "a"

1.4. Ham s4 liy thira
1.4.1. Khai niém
Xétham s6 y = %, voi a la s6 thuc cho trude.
Ham s6 y = 2, voi a € R, dugc goi 1a ham s6 lay thura.
Chuy.
Tap xac dinh ctia ham s6 lay thtra y = z* tuy thudc vao gia tri cua « . Cu thé.
e Voi a nguyén duong, tap xac dinh la R.
e V6i a nguyén am hoéc bang 0, tap xac dinh 1a R\ {O}
e Voi a khong nguyén, tap xac dinh (O; +oo).
1.4.2. Khao sat ham sd liy thira y = 2°
Tap xac dinh ctia ham s6 lay thtta y = z“ ludn chita khoang (0; +oo) voi moi a € R. Trong

treong hop tong quat, ta khao satham s y = z“ trén khoang nay.

y=x%a>0. y=xz%a<0.
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1. Tap xac dinh: (O; +oo).
2. Su bién thién

y'=az’' >0 Vz>0.

Gidi han dac biét:

limz* =0, lim z“ = +oo.

0" T+
Tiém can: khong co.

3. Bang bién thién.

1. Tap xac dinh: (O; +oo).
2. Su bién thién

y'=az’' <0 Va>0.

Gidi han dac biét:

lim x* =400, Iim x* =0.

x—0" X—>+0
Tiém can:

Ox la tiém can ngang.

z |0 +00 Oy la tiém can ding.
y + 3. Bang bién thién.
y +00 T 0 +00
/ y/ _
0 y e \
0
D6 thi ciia ham s6.
4
O<acl
a=0
a<(
D6 thi cia ham s6 lay thtta y = x* ludn di qua diém 1 (1; 1).
1.5. Khéo sitham s6 mii y =4, (a>0,a#1).
y:a”,(a>1) y=a",(u<1)
1. Tap xac dinh: R. 1. Tap xac dinh: R.
2. S bién thién. 2. Sw bién thién.
y'=a'lna>0,Vx. y'=a"lna <0,Vz
Giodi han dac biét: Gidi han dac biét:
lima® =0, lim a = +oo. hIIl a” =40, lima" =0.
Tiém can: Tiém can:
Ox la tiém can ngang. Ox la tiém can ngang.
3. Bang bién thién. 3. Bang bién thién.
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X | —oo 0 1 +00 —o0 0 1

+ + + +00

B lﬁ"l 0= r["'. O
(a>1) D6 thi nhu hinh sau.
Y

1 y=a" (0=<a=<1)
===
\I\

0 | %
1 L

2. LOGARIT

2.1. Khai niém Logarit
Cho hai s6 duwong a,b v6i a#1. S8 o thoa man dang thic o = b dugc goi la logarit co s&
a cta b va duoc ki hi¢u la log b.
a=log b a” =b.

Khong cé logarit ciia s6"dm va so 0.

2.2. Bang tém tat cong thirc Mii-loarrit thuong gap

e a’=1(a=0). o log,1=0,(0<a=1)
° (a)lza . logaazl,(0<a¢1)
. (a)—a _ 1 e log a” = a,(O <a# 1)
a a” ° logunazé,(0<ﬂ¢1)
* ) =(“)H o log, b*=a.log b,(a,b>0,a%1
(a)ﬁ' og, b =a.log, ,(a, >0,a# )
¢ @) - g b=glond
o) 0 (o) ¢ tog, b g,
o (a)a _ [ET ,(b " 0) e log b+log, c=log, (bc)
(b)° AP
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« - . B b
. (a)ﬁ—ﬁ(a) ,(,BGN) . logab—logQC—logu(cJ
Y. o
* (“) =(a) o log,b=- L
. (a)azb:azlogab 08 @

3. BAT PHUONG TRINH MU VA LOGARIT.

3.1. Bat phuong trinh mii co ban
Bat phwong trinh ma co ban c6 dang a® > b (hodc a* >b,a* <b,a* <b) vdi a > 0,a # 1.
Ta xét bat phwong trinh ¢6 dang a” > b.
e Néu b <0, tap nghiém ctia bat phuong trinh 1a R, vi a” > b,Vz € R..
e Néu b >0 thi bat phiong trinh twong dwong véi a* > o'
= Véi a > 1, nghiém cta bat phwong trinh 1a « > log, b.
= Véi 0 < a <1, nghiém ctia bat phurong trinh la z < log, b.
Ta minh hoa bang do thj sau:
e Véia > 1, ta co do thi sau.

b

l:'l'll U = ”:"'

(= 1)

y=b

)
e x

log, b

e Vbi 0<a<1,tacddo thisau.
Y

|IJ .r)l b
:\‘
1

: 1& <1)
!
i X

0
log, b

Cd

3.2. Bat phuong trinh logarit co ban
Bat phuong trinh logarit co ban ¢ dang log, x > b (hoac log, x >b,log, x <b,log, x<b) voi
a>0,a#1.

Xét bat phwong trinh log = > b.
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e Truonghop a >1,tacé: log z>b < z>a'.
e Trudonghop 0<a<1,tacd: log x>b<0<x<a’

Ta minh hoa béng do thi nhw sau.
e Véia >1,tacod do thi sau.
Y

iy =log, b

(= 1)

o
7 ~
b i/ y=>b y = log,b .
(0 =< 1)

e Vi 0<a<1,tacod do thisau. 0 a”

’ AV . 4 M 1 |

Quan sat do thi, ta thay rang: \E
o Truong hop a>1: log x>b khi va chi khi “_ ’ b '

z>a.
e Truong hop O<a<l:log z>b khi va chi khi

0O<z<a.

4. BAI TOAN LAI SUAT NGAN HANG

4.1. Lai don
4.1.1. Dinh nghia

Lai don 1a sd tién 1ai chi tinh trén sO tién goc ma khong tinh trén s6 tién 1ai do so tién goc
sinh ra, tc la tién 1ai cua ki han trude khong duwoc tinh vao von dé tinh 1ai cho ki han k€ tiép,
cho du dén ki han nguoi giri khong dén rut tién ra.
4.1.2. Cong thtrc tinh

Khéach hang gtri vao ngan hang A dong véi 1ai don r% /ki han thi s6 tién khach hang
nhan dwoc ca von 1an 1ai sau n kihan (n e N * ) La:

S =A+nAr =A(1+m’)

Chu y: trong tinh todn cdc bai todn 1di sudt va cdc bai todn lién quan, ta nho r% la ﬁ .

4.2. Lai kép
4.2.1. Pinh nghia
Lai kép la tién 1ai ctia ki han trude néu nguoi g khong rat ra thi duoc tinh vao vén dé
tinh 1ai cho ki han sau.
4.2.2. Cong thtrc tinh
Khéach hang guri vao ngén hang A dong vdi lai kép r% /ki han thi s tién khach hang
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nhan dugc ca vonlan laisau n kihan (n e N* ) la:

S
n= 1Og(1+7») ( AJ
n S
S =A(1+r) : R |
" A
S

4.3. Tién gtri hang thang
4.3.1. Pinh nghia
Tién gtri hang thdng 1a mdi thdng gii ding cing mot s8 tién vao 1 thoi gian ¢d dinh.
4.3.2. Cong thic tinh
Dau mdi thang khach hang gti vao ngan hang sd tién A dong véi 1ai kép r% /thang thi s&
tién khach hang nhan duoc ca von 1an 1ai sau n thang ( n € N* ) ( nhan tién cudi thang, khi

ngan hang da tinh lai)1a S .

"= 08 17{7’ H
snzé[(m)"_l}(m) —_—> | )[A( )
- A= T
(1 + r)[(l + r)" - 1}

4.4. Giri ngan hang va rit tién gt hang thang
Cong thixc tinh
Gti ngan hang s6 tién 1a A dong véi 1ai sudt r% /thang. Mbi thdng vao ngay ngan hang

tinh 1ai, rut ra sd tién la X d6ng. Tinh sd tién con lai sau n thang la bao nhiéu?

SHZA(HT)"_X% — X:[A(1+r)n—Sn]W

r

4.5. Vay vOn tra gop
4.5.1. Dinh nghia

Vay von tra gop la vay ngan hang sd tién la A dong véi 1ai sudt r% /thang. Sau ding mot
thang ké tlt ngay vay, bat dau hoan no; hai Ian hoan no cach nhau ding mot thang, mdi hoan
no sO tién la X dong va tra hét tién ng sau dung n thang.
4.5.2. Cong thtrc tinh

Cach tinh s6 tién con lai sau n thang gidng hoan toan cong thiic tinh gri ngan hang va rat

tién hang thang nén ta c6
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S, =A(l+r) NG
,
Dé sau dung n thang tra hétno thi S =0 nén
Af+r) R URL Rt g
r
Y- A(l + r)n r
(1+r) -1

4.6. Bai toan tang luong
4.6.1. Dinh nghia

Bai toan ting lwong duwoc mo ta nhu sau: Mot nguoi duoc 1lanh luwong khoi diém la A
dong/thang. Ctt sau n thang thi lwong nguoi dé duoc tang thém r% /thang. Hoi sau kn
thang nguoi d6 linh duoc tat ca s6 tién la bao nhiéu?
4.6.2. Cong thirc tinh

Tong s6 tién nhan duoc sau kn thangla |S, = Ak

4.7. Bai toan ting trudng dan s6

Cong thuc tinh tdng truong dan s6

X =X (1+ r)m_n ,(m,n eZ'm2> n)

KL

Trong do:
r% lati1é ting dan s6 tr ndm n  dén ndm m
X dansénam m

X dan sOnam n

AT /X
Ttr d6 ta c6 cong thirc tinh ti 1€ tang dan s6 la |r% = mp X’” -1

4.8. Lai kép lién tuc
Gtri vao ngan hang A dong voi 1ai kép 7% /ndm thi s6 tién nhan dwoc ca von lan 1ai sau
n ndm (neN')la: S =A(1+r) . Gid st ta chia mdi ndm thanh m ki han dé tinh 13 va lai
~, X \ \ r \ A DA v \ T "
suat moi ki han la —% thi s0 tién thu duoc sau n» nam la: S = A(l + —j
m m
Khi tang s0 ki han cua moi ndm 1én vo cuc, thcla m — +o , goi la hinh thttc 1ai kép tién

tuc thi ngudi ta chiing minh dwoc s8 tién nhan duoc ca gdc 1an 1ai la:

( cong thirc tang tredng mi)
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PHAN IIL. NGUYEN HAM - TICH PHAN - UNG DUNG TiCH PHAN

1. NGUYEN HAM
1.1. Dinh nghia
Cho ham s6 f (a:) xac dinh trén K (K la khoang, doan hay ntra khoang). Ham s6 F (x)
duoc goi la nguyén ham ctia ham s6 f(:n) trén K néu F'(x) = f(fc) véimoi z € K .
Ki hiéu: jf(x)dx =F(z)+C.
Dinh li:

1) Néu F(x) la mot nguyén ham Cﬁaf(x) trén K thi véi mdi hang s6 C, ham s8
G(a:) = F(x) + C' cting la mot nguyén ham cta f(x) trén K.

2) Néu F (m) la mot nguyén ham ctia ham s6 f (m) trén K thi moi nguyén ham cta
f(x) trén K déu c6 dang F (x) +C,voi C lamot hé’mg sO.

Do do F(:p) +C,C € R laho tat ca cac nguyén ham cta f(:c) trén K.

1.2. Tinh ch4t ctia nguyén ham
. (jf(x)da:)' = f(z) va [f'(«)de = f(2)+ C; d([ £ () dx) = (=) dx
o NéuF(x) c6 dao ham thi: [d(F(z)) = F(z)+C
o [Kf(z)dz = k[ f(2)dz v6i k 1a hing s khac 0.
o [[1(e) 2 ofs)]do = [1(e)as = fo(z)as
* Cong thirc d6i bién s6: Cho y = f(u) va u = g(z).

Néu [ f(z)dz = F(z)+C thi [ f(g(z))g'(@)dz = [ f(u)du = F(u)+C
1.3. Su ton tai ctia nguyén ham

Dinh li:

Moi ham s6 f(z) lién tuc trén K déu céd nguyén ham trén K .
suy

1.4. Bang nguyén ham cac ham s6 thuong gip

1.j0dx=0 2.jdx=x+0

1

1 (a:c + b)w1
a+1

16. I(a$+b)adX=——+c,a¢—1
a a+l

3. jx“daz =

4+ C(a # —1)

1 1 :
4 fSdr=——sC 17.jxdx=%+0
Z
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5. J.ldl'Zhl‘ZL"-i-C 18. J :lln|ax+b|+c
T ar+b a
6. J.erfL' = €I + C 19 J'eaz+bdaj — leaz+b + C
a
aw 1 akz‘er
7. j a'dy = — +C 20. j a"dy = = +C
Ina k Ina

8. J.cos:cdz =sinz+C 21. ~[cos(az‘+b)d£ =lsin(ax+b)+0

a

2. Isinxdz =—cosz+C 22. Jsin(ax+b)dx = —lcos(a$+b)+0
a

10. jtanx.da:z ~In|cosz | +C 23.Itan(ax +b)dx = —lln|cos(aa: +b)| +C
a

11'ICOtI'dI= In [sinz | +C 24.Icot(ax +b)dx = llm|sin(ow: + b)| +C

1 1

12. Icoszxdx =tanz + C 25. Icos (ax+b) =gtan(ax+b)+0
1 1 1

13.J.Sin2x drx = —-cotz +C 26. Imdl’ = —ECOt((ZZL"Fb)‘F C

14.J.(1+tan2 x)da: =tanz +C 27. I(1+ tan® (aa: +b))da: = ltan(owv +b)+C

a

15. I(1+ cot” x)dx =—cotz+C 28.J.(1+cot2(ax +b))dl’ = —lcot(ax +b)+C

a

1.5. Bang nguyén ham mo rong

dx 1 T . . T

j — = —arctg—+C Jarcsm—dx = garcsin=++va’ - 2> +C
a  +zx a a a a
dx 1 a+z T T

I 5 - =—1In +C ~[arccos—dx = zarccos— —+a’ -z +C
a’ -z 20 |la—= a a

l’+ Vo' +a )+C Iarctanxdxzxarctanﬁ—gln(ag+x2)+0

Nl . ;

I\/i—arcsm +C J-aI'CCOtid.XIiEaI'CCOtE-i-%ln(aQ+£B2)+C

a a

+C

I \/7 = —arccos

dx 1. la+Vz> +a°

=——In
x

I:B\/:B2+a2 a

ax+b L C

=—In|tan

sin(ax + b) a

+CJ' dx 1

je‘”cosbazdx _e (acosbz + bsinbz) L C

jln ar +b)dx = (z+ )ln(aaj+b)—
a® +b*
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[ 2 2 2
J-\IaQ—xQ dxzu+a—arcsin< . ¢ (asinbr — bcosbz)
2 2 Ie sinbr dx = e +C
a” +

2. CACPHUONG PHAP TINH NGUYEN HAM

2.1. Phwong phap d6i bién

2.1.1. Ddi bién dang 1
Néu: [ f(z)dz = F(z)+C vavéi u = p(t) laham s8 c6 dao ham thi:
[ f(u)du = Flp(t)) + C

2.1.1.1. Phwong phap chung

Buwéc 1: Chon z = go(t), trong d6 go(t) la ham s& ma ta chon thich hop .

Buéc 2: Lay vi phan hai v€': dz = ¢)'(t)dt

Buéc 3: Bién d6i : f(z)dz = f[(p(t)]go'(t)dt = g(t)dt

Budc 4: Khi d6 tinh : [ f(z)dw = [ g(t)dt = G(t) + C'.

2.1.1.2. Céc ddu hiéu d6i bién thuwong gip

Dau hiéu Cach chon
bat z = ‘a‘smt ; VOl t e {—Z;Z}.hoéc T = ‘a‘ cost;
\a® - z? 22
voi t e [0;%].
bat z = ﬂ.; VOi t € {—E;Z}\{O} hodc z = ﬂ
sint 2 2 cost
r* —a’
voi t e [0; 7Z'i| \ {%}
bat z = ‘a‘tant; VOl t e [—E;EJ.hoéC T = ‘a‘cott
o’ + 1’ 22
vOi t e (0;7[).
are hoac 977 | Pit 7 = acos2t
a—1x a+x
(:E - a) (b - x) bat z =a + (b a)sin’t
1 Dat z = atant ; vdi t e —z;Z )
o’ + 7’ 22

2.1.2. D6i bién dang 2
Néu ham s0 f(x) lién tuc thi dat = = (p(t) . Trong d6 (p(t) cung v6i dao ham cua né ((o'(t)

la nhitng ham s0 lién tuc) thi ta dugc :
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[f@ydz = [ fo(t)]e'(t)dt = [ g(t)it = G(t)+ C.
2.1.2.1. Phuwong phap chung

Buéc 1: Chon t=(p(m). Trong d6 qo(x la ham s6 ma ta chon thich hop .

)
Buéc 2: Tinh vi phan hai vé': dt = go'(t) dt.

e Buwéc3: Bidu thi: f(z)dz = f[(p(t)](p'(t)dt = g(t)dt .

Budc 4: Khi d6: I = [ f(a)dz = [ g(t)dt = G(t) + C

2.1.2.2. Céac dau hiéu d6i bién thuong gap :

DAau hiéu Cach chon
Ham s8 mau s8 ¢ ¢t 1a mau s&
Ham s6 : f(x;J(p(x)) t= (p(z)
. a.sinT+b.cosx
Ham f(x)z : tztanﬁ;(cosf;tOJ
c.sinx+d.cost+e 2 2

1 Véi:z+a>0vaz+b>0.

(:B+a)<x+b) bat:t=vz+a +vz +b

Véiz+a<0vaz+b<0.

Dat: t=\/—x—a +\/—x—b

Ham f (IE) =

2.2. Phwong phap nguyén ham tirng phan
Néu u(x), v(x) la hai ham s6 c¢6 dao ham lién tuc trén K:
J.u(x).v'(x)dx = u(z).v(z) — Iv(x)u "(z)dz
Hay Iudv =uv — Ivdu (voi du = u’(x)dx, dv = v’(a:)da: )

2.2.1. Phwong phap chung

e Buwdc 1: Ta bién d6i tich phan ban dau vé dang : I = jf(:z;)d:c = jfl(fﬁ)fQ (z)dz

u = f(z) N du = f' (v)dz
dv = f,(v) V= J.j;(x)dx

e Buwoc 3: Khi d6: ju.dv =y — jv.du

e Bugc2: Dat: {

2.2.2. Cac dang thwong gap

2.2.2.1. Dang 1
u = P(z) u'.du = P'(z)dx
sinx .
. sinx —Ccosx
I= JP(JJ) cosz p.dx . Dat = _
dv ={cosz;.dx v=<sinz

T

e

T T

€ €
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—CoS T —COoS X
Vay: I = P(z){sinz ;- J. sinz  p.P'(z)dx
e’ e’
2.2.2.2. Dang 2
u=Inz J 1 J
Isz(x).lnxdx. bat = u—; v
dv = P(a)dr v =[Pla)ds = Q)
Vay I = lnm.Q(z) = IQ(%)ldﬁE
T
2.2.2.3. Dang 3
=e" du = e'dx

) u=-e
sinz
I = Ie“’ dz . Pat sinz = —Ccosx
COS dv = dx v=9 .
COS T sinz

|—cosz —cosz|
Vay I = Ize”{, }—j{ }e”dﬂ:
sin sin

. —cosx
Bang phuong phéap tuong tu ta tinh dwoc j{ . }gdx sau do thay vao /
sinz

3. TICH PHAN

3.1. Cong thtc tinh tich phan

b b
* Nhn xét: Tich phan cta ham s8 f tir @ dén b c6 thé ki hiéu boi [ f(z)dw hay [ f(t)dt. Tich
phan dé chi phu thudc vao f va cac can a, b ma khong phu thudc vao cach ghi bién s6.

3.2. Tinh chét ctia tich phan
Gia st cho hai ham s6 f(x) va g(x) lién tuc trén K,a,b,c la ba s6 bat ky thudc K . Khi d6

taco:
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5. :b[kf(x)dw = kji f(z)dz .

6. Néu f(x) > 0,Vz e [a;b] thi: if(a;)da; >(0Vz e [a;b}

b

7.Néu Vz e [a;b] : f(z) 2 g(x) = jf(x)dx > jg(x)dx.

8.Néu vz e a;b ] Néu M < f(x) < N thi M(b-a)< ff(x)dx <N(b-a).

a

4. PHUONG PHAP TINH TICH PHAN

4.1. Phwong phap déi bién
4.1.1. Phwong phap d6i bién s6 dang 1
4.1.1.1. Pinh 1i

Néu 1)Ham z = u(t) ¢6 dao ham lién tuc trén [a; ﬂ]
2) Ham hop f(u(t)) duoc xac dinh trén [0{; ﬁ},
3) u(a) = a, u(f) =b

Khi d6: 1 = [ f(z)de = [ f(u(t))u'(t)dt .

a

4.1.1.2. Phuwong phap chung

Buoc 1: Dat z = u(t)

Bu6c 2: Tinh vi phan hai v€:  x = u(t) = dr = u'(t)dt
t=p

t=«

A A J/‘ = b
Pai can:
r=a

Buéc 3: Chuyén tich phan da cho sang tich phan theo bién t

b B B
Vay: I = [ ftayie = [ £[u(t]u't = [ st = 60" = 6(p) - (@)

o

4.1.2. Phuwong phap d6i bién dang 2
4.1.2.1. Dinh Ii

Néu ham s6 u =u(r)don diéu va c6 dao ham lién tuc trén doan [a;b] sao cho

I g(u)du .

u
u\ a

f(z)dzx = g(u(rc))u'(x)d:c = g(u)du thi: I = If(ac)d:n =

a

(b)
(a)

4.1.2.2. Phuwong phap chung

e Buéc 1: Dat u = u(x) = du = u (v)dz

. . |z=0
e Buwoc2:PDoican:
r=a
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e Budc 3: Chuyén tich phan da cho sang tich phan theo u

u(b)

Vay: [ = _[f(x)d:c = Ig[u(x)]u'(x)dx = j g(u)du

u(a)

4.2. Phuwong phap tich phan tirng phan
4.2.1. Pinh li

Néu u(x) va v(x) la cdc ham s6 c6 dao ham lién tuc trén [ a;b | thi:

v(z)

4.2.2. Phu’ong phap chung

b
—j vdu

a

b

b b b
" _[v (r)dz  Hay judvzuv

a

e Bubc 1: Viét f(x)dx dudi dang udv = wv'dz béng cach chon mot phan thich hop
ctia f(x) lam u(x) va phan con lai dv = v'(z)dz

e Budc2: Tinh du =u'dx va v = jdvz J.v'(x)dx

b

e Bwoc 3: Tinh I vu'(z)dx va uv
a

* Cach ditu va dv trong phuong phép tich phén tirng phan.

bat u theo tht® ty wu| ® i b b b )

Hon: !P(x)e dx !P(z) In zdz !P(m) cos xdx !e cos xdx
Léc-da-mii-luong

u P(x) Inx P(x) e”

dv evdr P(x)dx cosxdx cosxdx

Chii ij: Nén chon u la phan ctia f(x) ma khi 1dy dao ham thi don gian, chon dv = vdz la
phéan ctia f(x)dx la vi phan mdt ham s6 da biét hodc cé nguyén ham dé tim.

5. TECH PHAN CAC HAM SO SO CAP CO BAN

5.1. Tich phan ham htru ti

5.1.1. Dang 1
i ) p
I= I d _1 ad = llm‘ow: + b‘ . (véi a#0)
ar+b ajar+b a .
B B
Chay:Néul= Id—xk = lj(cm: +b) " adz = (az +b)" |7
*(ax+0)"  ay a(l-
5.1.2. Dang 2

B
L=

Xét A =b* — 4ac.

ot (a;tO) (ax2+bx+c¢0Véimoixe[a;ﬁ})
ar’ + bz +c

e Néu A > 0thi xlz_b;r\/g;% =_b;\/Z
a a
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1 1 ! R S DN
ar’ +br+c  alz-z)(z-z,) afz, -z)\z-2 -z, '

B
I= ! j LI x = ! [ln‘z—xl‘—ln‘x—%uﬁ
a(r, —z,)\z—z, T- a(r, — ,) “
_ 1 ln|x—x1| P
a(r, —,) ‘x—xQ a
e NéuA=Othi — + -1 z, =20
ar’ +br+c  a(z—z,) 2a
( 1
thil= [— =—j s
Yar’ +br+c @ (ff—x[])
B
e Néu A<0thiI= I :I da
Yaz’ +br +c 2 :
“ b —A
allz+— | +|—
( 2a] (4@2}
Déjt:1:+i:‘/itant:dx:l‘/£(1+tan2t)dt
2a 4a 2\ o’
5.1.3. Dang 3
B
mx+n
I= z, (a#0).
!ax +bx+c ( )
(trong d6 f(z) = M lién tuc trén doan [a; ,B])
ar” +bx +c
e Bing phuwong phap dong nhat hé s6, ta tim 4 va B sao cho:
mx +n _A(<za:2+l):z:+c)’+ B _ A(2az +0) N B
azr’® + bz +c azr’® + bz +c ar’ +brx+c ar’ +br+c ar’+br+c
B B B
e Tacol= [ —mEn g ACwth) g7 B4
. oar +br+c ©oar +br+c *oar” +br+c
B
A2 B
Tlchphanj de =Aln‘ax2+bx+c
Yoar’ +br+c a
T do
Tich phan I ——— thudcdang 2.
Y ax’ +br +c
5.1.4. Dang 4

I= j d:): voi P(x) va Q(x) la da thitc ciia x.

e Néubac caa P(x) 16n hon hodc bang bac caa Q(x) thi ding phép chia da thic.
e Néubac cia P(x) nho hon bac ciia Q(x) thi cd thé xét cac truong hop:
e Khi O(x) chicéd nghiém don « .., thi dat

1’ 2’
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Px) __4 4, 4,

= + +ot .
Qz) r-a z-a rT-a

e Khi Q(x)c6énghiém don va v6 nghiém
Q) = (v - a)(s” + pr + ), = p* —4g < 0 thi dit
Plz) A N Bz +C

Q) z-a 2 +pr+q

e Khi Q(x)c6 nghiém boi

Q(z) = (z — a)(x — B)’ vOia =P thi dat
P(x) A N B N C .
Qz) z-a =z-p (x_ﬁ)z

Q(z) = (z —a) (v - B)’ v6ia =P thi dat
Plz) _ A B C D E
(@-af(z-p) (z-ef @-a) (@-p) (@-p7 z-pB

5.2. Tich phan ham v6 ti

j R(z, f(z))dz Trong d6 R(x, f(x)) 6 dang:

RLIM}G_QCJ Dat = = acos2t, te[O }
a+x 2

°
=

(2.

+ +b
m’nam b] Dit £ = ¢ ax

-z )Datx—‘ ‘smt hoac x—‘ ‘cost

D

° R(:L‘,

~

1
Vi ’ '= b
(ZL‘)) (a;p+b)\/ax2+ﬂx+y oi (ax +,6'a:+7) (ax+ )

Dat t = \Jar’ + Bz +y ,hodcDat t =
ar +b

R(x, a’ )Datx—‘ ‘tant te[—z 1}
2 2

il o ,tew{%}

cos &
R({f\f f) Goi k= BSCNN (n;ny;...in,) . Dt x=1*
5.2.1. Dang 1
1 1
Izl—mdx (a#0)
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2a 4a°

b 2 A x+2—=u
Tk: f(x)=az’ + bz +c = +— | —— = ¢ odu=d
flx)=ax” +bx+c=a [z j ﬂ u =dz

=K
2a

Khi dé ta ¢é :

« NéuA<0a>0= f@)=a(u +F) e Jf@) = adu’ +# (1)
2 a>0
. Né’u:A=0:>f()—a(x+i] \/— Ja
e Néu: A>0.
= Véia>0: f(z)= (m x)(x—x <:>\/f7=\/g.\/x—x x—x (3)
" Véia<0:f(x)=—a(ar1 )(x —x) F \/—_a\/x —x x -z (4)

H_‘ Jald @

Can ct vao phan tich trén, ta c6 mot s6 cach giai sau :

= Phwong phap :
* Trwong hop : A < 0,a > 0= f(z) = a(u2 +/<:2) <\ f(z) = Jaru® + &
Khi d6 dat :vaz® + bz + ¢ =t—\/;.a:

-|

*Trw&nghg’p:A=0:>f()—a(x+—J \/7 Ja

p p %ln(x+2ij
Khidé:f—j— j ¢

5.2.2.

t* —c

9
tdt
bo+c =t — 2ax - b+2\/— (b+2\/5)

r=a —>t=

, T 1=t _
0 =p t—\/g.xzt—\/gt c
b+2x/;

a>0

“_‘ Jalu

“a

T+ —
2a

* Trwong hop : A > 0,a <0 Dét:\/ax +bx+c—\/ (x _iﬂ)(iﬂ?—iE):l:Exl_x i
T, -7
Dang 2
I=ﬂLde (a;tO)

vNazr® +bxr +c

= Phuwong phap :

e Buwoc 1:
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A.d(\}ax2+bx+c) B

mxr+n
+ 1

Nax® + bz +c \/ax2+bx+c \/az;2+bx+c

Phan tich f(z) =

* Budc2:
Quy dong mau s, sau d6 dong nhat hé s6 hai ttr s§ d€ suy ra hé hai n s8 4, B
* Budc 3:
Giai hé tim 4, B thay vao (1)
e Budc4:
T 1

Tinh [ = 2A(\/aa:2 +bx+c) ﬂ+BJ.—dx (2)
@ xNaz® +br+c

B
Trong d6 j ﬁdw (a # 0) da biét cach tinh o trén
5.2.3. Dang 3
B
I= I 1 dz (a # 0)

a(ma:+ n)\/a,fl:2 +bx +c

= Phuwong phap :

e Buwoc 1:
1 1
Phan tich : - = (1)
(m$+n)\/ax2+b$+c m|z+ " Naz® + bz +c
m
e Buwoc 2:
. T+t m T+t
Dat-_:x+_:> 2
m ,
Y le—t:ax2+bx+c=a(l—tJ +b(l—tJ+c
Yy Yy Yy
e Buwéc 3:
B dy

Thay tat ca vao (1) thilco dang: I =+
2 JLy? + My + N

B B
I= iR(m;y)dx =£R[$;m/j§i§}d$

( Trong d6 : R(x;y) 1a ham s8 hitu ty d6i véi hai bién s8 xy va a,f,7,6 1a cac hing sd da
biét )
» Phuwong phdap :

. Tich phan nay chung ta da

biét cach tinh .
5.2.4. Dang 4

e Buwice 1:

Pit: ¢ = 222 (1)
yTr+0
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* Buoc2:

Tinh x theo t : Bang c4ch nang Ity thita bAc m hai v& cua (1) ta c6 dang = = (o(t)
* Budc3:

Tinh vi phan hai v€: dz = qp'(t)dt va doi can

e Buwic 4:

Tinh : TR(Q:;m/jﬁi?}dﬂ: = ?R(go(t);t)(o'(t)dt

5.3. Tich phan ham lugng giac

5.3.1. Mgt s6 cong thirc lugng giac
5.3.1.1. Cong thitc cong
cos(a £ b) = cosa.cosbFsina.sinb

sin(a £ b) = sina.cosb + sinb.cosa

tan(a +b) = tana £ tanbd
B 1¥ tana.tanb

5.3.1.2. Cong thitc nhan doi

. . 1—tan’
COSQCLZCOSZCL*Slnza=2COSQG*1=1*2SIH26LZi‘a
1+tan’a
2 2
sir12a=2silr1a.cosa=thfZ ; tan2a=ﬂ
1+tan’a 1—tan’a
cos3a = 4cos’ a —3cosa ; sin3a = 3sina — 4sin’ a
5.3.1.3. Cong thirc ha bac
. 9 1—cos2a 9 1+ cos2a 9 1—cos2a
singq=— ; coSa=— ; tan'a=——
2 2 1+ cos2a
.3 3sina — sin 3a 3 cos3a + 3cosa
sin® o = ; cos” a =
4 4
5.3.1.4. Cong thttc tinh theo t
. - 2 —t 2t
V0175:tauaE Thi sina =—— ; cosa = ~; tana = 5
2 1+t 1+¢ 1-1¢

5.3.1.5. Cong thitc bién doi tich thanh tong
cosa.cos ff = %[cos(a + f) + cos(a — ﬂ)}
sina.sin f = %[cos(a - f) —cos(a + ﬂ)]
sina.cos f = %[sin(a + f3) +sin(a — ﬂ)]

5.3.1.6. Cong thitc bién doi tong thanh tich



TONG HQP LY THUYET VA CONG THUC TiNH NHANH GIAI TiCH 12

cosa + cos ff = 2cos

J’_ —
aQﬂ.COSa ﬂ

2
. a+ . a-
cosa —cos ff = —2sin Q'B.sm Qﬂ
. . . a+ a —
sin @ + sin f = 2sin Q’B.cos 2’8
. . o+ . a-—
sina —sin f = 2cos Qﬂ.sm 2’8
i +
tana+tanﬂ:M
cosacos ff
tana—tanﬂzw
cosa cos f

Cong thitc thuwong dung:

4 . 4 3 + cosda
cos"a+sin"og =——
4
6 . 6 5+ 3cosda
cos’ o + sin a:T

Hé qua:
cosa +sina = 2cos(a—%jzx/§sin(a+%}
cosa —sina = fcos[a+—j=—f81n[a—zj

5.3.2. M0t s6 dang tich phan luwgng giac

b
e Néugap I =J.f(sinx).cosxdx ta dat t=sinx.
b
e Néu gdp dang I:_[f(cosx).sinxdx ta ddt t=cosx.

ta dat t=tanx.

e Néugdp dang I = Jf (tanx) COS "

e Néu gdp dang I = J'f Cotx sjlzx ta dat t=cotx.

5.3.2.1. Dang 1
I = I(sinx)n dx ; IZI(COSX)H dx

* Phuwong phap
e Néu 7 chan thi stt dung cong thiic ha bac
e Néu n=3 thi st dung cong thitc ha bac hoac bién doi
e Néu 3n 1é (n=2p+1) thi thic hién bién doi:

)2p+1

I1 = j(sinx)n dx = I(sinx dx = I(sin x)zp sin zdx = —I(l — cos’ x)p d(cos :E)

= —J. [Cﬁ - C’; cos’ T + ...+ (—1)k C;f (cos2 x)k +.+ (=) Cp (0052 x)p}d(cos )

(_1)k C* (cos x)%l + ... ( 04 7 _¢"(cos )Zw:l +c

1
=—|Ccosz—=C'cos’ . +... + ——
r 3 7 2k+1 ° 2p+1 r
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12 = j(cosx)n dx = I(cosx)zpﬂ dx = I(cos x)zp cos xdx = J(l — sin® .’L‘)p d(sina:)
[C;) - C; sin®z+...+ (—1)k C;f (sim(Z .T)k +...+ (—1)p C;’ (sin2 x)p} d(sinz)

k »
= {CO sinz — %C’l sin® 7 + ...+ ﬂ []j (sin x)Qm +...+ —(_1) C;’ (sin x)2p+l:| +c

r ’ 2k +1 2p+1
5.3.2.2. Dang 2
1= fsin'” xcos" xdx (m,n€N)
* Phuwong phap

o Truong hop 1: m,n ld cdc s6 nguyén
a. Néu m chdn, n chan thi str dung cong thitc ha bac, bién d6i tich thanh tong.
b. Néu m chan, n 1& (n=2p+1) thi bién ddi:

m

1= I(sinx)m (cosx)2p+l dx = J.(sin x)m (cos x)Qp cos xdx = I(sinx) (1 —sin® m)p d(sinz)

P

= j(sin x)m [C’E - C; sinz + ...+ (—1)k C;f (sin(Z x)k +...+ (—1)p C’;’ (Sin(Z x) }d(sin z) =

. m+1 . m+3 . 2k+1+m . 2p+1+m C. Nélll
olsing) _polsine) gy enlsina) Gy el
Poom+1 P m+3 P2k+1+m P2p+1+m

m 1é (m=2p+1), n chdn thi bién d6i:
1= J(sinx)zpﬂ (cosx)n dx = I(cos x)n (Sin x)zp sin zdx = —J(cos x)n (1 — cos’ x)p d(cos x)
= —J.(cos :E)" [C{? - C; cos’ T + ...+ (—1)k C;’ (cos2 x)k +...+ (—1)p C;’ (Cos2 x)qd(cos x) =

(cos arz)m1 (cos x)wg ko (cos x)%mn P (cos x)%m"
- C’ -C! +...+(—1) Ck'—+...+(—1 or L
on+l P pn+3 P 2k+1+n P op+l4n

d. Néu m 1¢, n 1é thi st dung bién d6i 1.2. hodc 1.3. cho s6 mi 1é bé hon.
o Néu m,n la cdc s6 hitu ti thi bién d6i va dit u = sinx

n—1 n—1

B= J~sinm xcos" xdx = I(sin 2)" (cos®z) ? cosadr = Ium (1-u?)? du *)

m+1 n-1 m+k . A
; - la sO nguyén

Tich phan (*) tinh duoc < 1 trong 3 s6 5

5.3.2.3. Dang 3

I = J(tan X)n dx ; I, = I(cot X)n dx (n € N).

j(1+tan2x)dx=j df =Id(tanx)=tanx+c
cos” T

I(1+cot2x)dx:j dr__ jd(cotx)z—cotx+0

> = —

sin” x
sin z d(cosz)
° J.tanxd:ﬁzj dxz—j—=—1n|cos:£|+(]
COS T CcoS T
o jcotxdx :J-Cf)sxdx = Id(Sinm) =Inlsinz|+ C
sinz

sin
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6. UNG DUNG TICH PHAN

6.1. Dién tich hinh phang
6.1.1. Dién tich hinh phing giéi han béi 1 dwong cong va truc hoanh
Dién tich hinh phéng gidi han boi do thi ham s8 y = f(x) lién tuc trén doan [a;b ] , truc

b
hoanh va hai duong théng = = a, o = b duoc xdc dinh: § = [|f(z)|dx

y=f(x) ;
AR S = [|f@)|dw

xX=a a

x=b

6.1.2. Dién tich hinh phang gi¢i han béi 2 dwong cong
Dién tich hinh phang gi¢i han boi do thi ham s8 y = f(z), y = g(x) lién tuc trén doan [ ;b |

b
va hai dudng thing « = a, z = b dugc xdc dinh: § = [|f(z) - g(x)|dz

y
A (C):y=fi(x)
(H) (C,):y=f,(%)
X=da
x=b

S = j‘f](m) ~ f,(2)|dz

b
- Néu trén doan [a;b], ham s& f(x) khong d6i dau thi: [|f(x)|dz =

I f(z)dx

- Nam vitng cach tinh tich phan ctia ham s& c6 chita gia tri tuyét ddi

- Dién tich ctia hinh phang gidi han béi cac dwong z = g(y),

d
© = h(y) va hai duong thing y = ¢, y = d dwoc xac dinh: § = | ‘g(y) - h(y)‘dy

6.2. Thé tich vat thé va thé tich khdi tron xoay
6.2.1. Thé tich vat thé

Goi B 1a phan vat thé giéi han béi hai mit phang vuong goc véi truc Ox tai cc diém a va
b; S(z) 1a dién tich thiét dién ctia vat thé bi cat boi mit phang vuong goc véi truc Ox tai diém

z, (a <z <b).Gia st S(x) laham s6 lién tuc trén doan [a;b/.
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1 o1~

V)
\ b

O_-a U e ----------:l;_% V::!-S(x)di

e~ ,

/

-
~

—| ~

/]
/ S(x) / /
6.2.2. Thé tich khéi tron xoay
- Thé tich kh&i tron xoay dugc sinh ra khi quay hinh phéang giéi han béi cac duong

y = f(z), truc hoanh va hai dwong thang z = a, z = b quanh truc Ox:

X =a

V,=xn[[f(0)] dx

(C):y = f(x)
(Ox):y=0
x=b

- Thé tich khdi tron xoay duwoc sinh ra khi quay hinh phang gi6i han boi cac duong
z = g(y), truc hoanh va hai duwong thang y = ¢, y = d quanh truc Oy:

YA
+

(=’:':—:_:d- 7772 (€):x=g(y)

' (Oy):x=0 H 2

\ -
‘. e v, =r[ls0)] @
-:-:-:-.LT < y= d

—

>

X

0 :
- Thé tich khoi tron xoay duoc sinh ra khi quay hinh phang giéi

han boi cac duong y = f(z), y = g(z) va hai duwong thing z =a, z=b quanh truc Ox:

V= ﬂj fi(z) - gZ(m)‘ dz
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PHAN IV. SO PHUC

1. SO PHUC
1.1. Khai niém sd phirc
¢ S0 phtic (dang dai s6) : z = a + bs; (a,b S ]R) . Trong d6: a la phéan thuc, b 1a phan

40, i la don vi 4o, i* = —1.

e Tép hop s6 phttc ki hiéu: C.

2 la s8 thuc < phan ao ctia z bang 0 (b = 0).

2 1a 58 4o (hay con goi la thuan 40) <> phan thuc bang 0 (a = 0) .

S6 0 vtra la so thuc vira la s6 ao.

1.2. Hai s8 phitc bing nhau
e Hai s6 phttc z, = a + bi (a, be R) va z, =c+di (c, de ]R) bang nhau khi phan thuc
va phan &o ctia chiing twong duong bang nhau.

a==c

e Khi dé ta viét zlzzz<:>a+bi:c+di<:>{b_d

YA
1.3. Bi€u dién hinh hoc s8 phtrc

S8 phtic z =a+bi (a, beR) duoc bidu dién boi diém M (a;b)

M (a;b)

hay béi u= (a;b) trong mit phang phttc véi hé toa d6 Ozy .

1.4. S6 phtrc lién hop

S5 phtic lién hop ctia z = a+bi (a, beR) 1a 2 =a~bi.

= o a e e | ASE a2y
o Z=z; zxz'=zxz2'; zz'=z2h | |=—; zZ=a +0".
z
e zlasdthuc < 2=7; 2 1asddo z=-7.

1.5. Médun ctia s6 phitc
Do dai ctia vecto 074 dwoc goi la médun caa s6 phitc » va ki hiéu 1a ‘z‘ Vay ‘z‘ = ‘O—M‘
hay ‘z‘ = ‘a+b7j‘ = ‘OTJ‘ =va’ +b°.
Mot sO tinh chat:

o |z|=\/a2+bQ=\/z__=|@—

. |z|20,‘v’ze(C; |z|=0<:>z=0.

=K

2 1

s
B

‘Z‘ z Z

e = 2

L
“y

2
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‘Zl‘ - ‘22‘

< ‘zl + 22‘ < ‘zl‘ +‘z

|

2. PHEP CONG TRU NHAN CHIA SO PHUC

2.1. Phép cong va phép trir s6 phirc
Cho hai s phtrc 2 =a+bi (a, beR) va z, =c+di (¢, d e R).Khido:

z, tz, z(a+c)i(b+d)2'

e S0 ddicuas6 phtc z =a+bila—z=-a—bi.

e Tong ctia mot s6 phirc vdi sd phiic lién hgp ctiia né bang hai lan phan thuc ctia s6

2.2. Phép nhén s6 phiic

thuc dé: z =a+bi,z+ 2 =2a.

o Chohaisd phtic 2, =a+bi (a, beR) vaz,=c+di (c, deR).

Khi do: zz, = (a + bz’)(c + di) z(ac — bd) + (ad + bc)z'.

e V6i moi s6 thue k va moi s6 phtic z = a + bi (a, be R), ta co

k.2 = k.(a +bi) = ka + kbi. Ddc bigt: 0.2 = 0 v6i moi s& phtic 2.

o Laythwactai:i’ =1, i

-4
it =1,

-4n+1 - -4n+2
Z7I+ :/])7 ZTH— :_17

2.3. Chia hai s6 phtrc

~ ’ . 2 k3 4 \ ~ - 1
S8 phttc nghich dao ctia z khac 0 1as6 2 = —2z

Phép chiahaisd phttc z' va z 20 la —=2"2" = =—.

2
z

4 2z z'Zz

z B |Z|(Z 2z

3. TAP HOP PIEM BIEU DIEN SO PHUC
Mot s6 tap hop diém biéu dién s& phitc z thuong gép:

az + by + ¢ = 0 = tap hop diém 1a duong thang

z =0 = tap hop diém la truc tung Oy

y = 0 = tap hop diém 1a truc hoanh Ox

(¢-a) +(y—b) < R* = tap hop diém 1a hinh tron tam I (a;b), bén kinh R

(

2
Z

R =

—a)2+(y—b)2 =R’
+9y° —2ax —2by+c=0

at+b —c

= tap hop diém la duong tron 6 tam I(a;b),ban kinh

x>0= tap hop diém la mién bén phai truc tung

y < 0 = tap hop diém la mién phia dudi truc hoanh

z < 0 = tap hop diém la mién bén trai truc tung
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e y>0= tap hop diém la phia trén truc hoanh

e y=az’+bz+c= tap hop di€m la duong Parabol

2 2

. x_2 Z—2 =1 = tap hop diém la duvong Elip
a
xZ 2

* —- :Z—Z =1= tap hop diém la duwong Hyperbol
a

4. PHUONG TRINH BAC HAI VOI HE SO THUC

4.1. Cin bac hai ctia s6 thuc Am
e Chosd z, néu c6 sd phtic z sao cho zf = z thitandi z la mot can bac hai cta z.
e Moi s6 phtic z # 0 déu c6 hai cén bac hai.

e C#n bac hai ctia s6 thuc zam la iz}/‘z‘.

Tong quat, cac can bac hai ctia s6 thuc @ am 1a +i, /‘a‘ .

4.2. Phuong trinh béc hai véi hé sd thuc
Cho phuong trinh bac hai az® + bz + ¢ = 0,Va,b,c € R,a = 0. Xét biét s A =b> —4ac cua
phuong trinh. Ta thay:

e Khi A =0, phuong trinh c6 mot nghiém thyce = = “%
a

“b+A

2a

Khi A > 0, phuong trinh c6 hai nghiém thuc phan biét z,, =

“bti ‘A‘
2a '
5. BAI TOAN LIEN QUAN PEN MAX - MIN MO PUN SO PHUC

Khi A <0, phuong trinh 6 hai nghiém phtc z,, =

max =

Cho s6 phtic z thda man |zl.z +zz| =7, (r > 0)

min‘z‘ =

Cho s0 phtic z thoa man |zl.z —zz| =1,(r, >0).

%

o

max P = -z, +

1

T \ .
‘—lva min P =
2|

Cho s8 phtic # thoaman |z,.2+ 2, +|z,.2 = 2,| = k, (k>0).

max‘z‘ =
1

—— va min‘z‘ =
22|




